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We calculate the contribution from the two-photon exchange on the neutron to the hyperfine
splitting of S energy levels. We update the value of the neutron Zemach radius and estimate total
recoil and polarizability corrections. The resulting two-photon exchange in electronic atoms exceeds
by an order of magnitude the leading Zemach term and has different sign both in electronic and
muonic hydrogen.
Modern spectroscopical measurements in light muonic
atoms support the physics community with precise values
of the Rydberg constant and nuclei electromagnetic radii
[1–3]. The unexpected discrepancy between muonic and
electronic values of the charge radius in hydrogen and
deuterium [4–9] calls for revisiting the higher-order cor-
rections with an emphasis on the uncertain hadronic and
nuclei contributions. In particular, to analyze measure-
ments of the hyperfine splitting in light muonic nuclei
and to extract the precise value of the Zemach radius,
the higher-order radiative corrections have to be taken
into account [10, 11]. In recent decades, the O
(
α5
)
con-
tribution from the graph with two exchanged photons
(TPE) on a proton and nucleus (see Fig. 1) to the Lamb
shift and hyperfine splitting was scrutinized by numer-
ous authors [12–38]. Besides the scattering on a proton,
the TPE effect in light atoms contains contributions from
nuclei excitations as well as from the scattering on a neu-
tron. The contribution from the two-photon exchange on
the neutron to the Lamb shift was recently investigated in
Ref. [39, 40]. For the hyperfine splitting, only the leading
Zemach correction was evaluated in Refs. [41, 42] from
parametrizations of the neutron form factors.
FIG. 1: Two-photon exchange graph. The contribution of the
crossed graph is included into the lower blob.
In this work, we reproduce the result of Refs. [41,
42] exploiting the modern form factor parametrizations
which satisfy the consistency criterium of Ref. [34] for
such a calculation. We account for the two-photon ex-
change effects beyond the Zemach term by means of the
forward Compton scattering amplitudes [35]. We es-
timate the polarizability contribution from the MAID
partial-wave solution and illustrate how good such an
estimate can be on the example of the TPE on the pro-
ton.
We determine the hyperfine-splitting correction from
the forward scattering amplitude at threshold. It is con-
venient to express the resulting hyperfine splitting and
individual contributions in terms of the effective radii.
The resulting nucleon radius rN2γ is given as a sum of
three terms:
rN2γ = rZ + rR + rpol, (1)
where rZ, rR and rpol stand for the Zemach, recoil and
polarizability radii, respectively (the terminology is taken
from the hydrogen TPE). These radii are expressed as
the photon energy νγ and virtuality Q
2 integrals over
the neutron electric GE and magnetic GM form factors
and polarized spin structure functions g1, g2 [27, 29, 35,
43, 44]:
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with Pauli F1 and Dirac F2 form factors, lepton and nu-
cleon masses m and M , respectively, the reduced mass
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2mr = Mm/ (M +m), the nucleon magnetic moment µN,
the pion-nucleon inelastic threshold νinelthr (with pion mass
mpi),
νinelthr = mpi +
m2pi +Q
2
2M
, (6)
and the following notations:
τl =
Q2
4m2
, τN =
Q2
4M2
, τ˜ =
ν2γ
Q2
, (7)
ρ(τ) = τ −
√
τ(1 + τ). (8)
The resulting contribution to the hyperfine structure
of S energy levels δE induced by individual nucleons is
expressed as [11, 45] 1
δE = −16
3
piα2
ψ2 (0)
M +m
~sl <
∑
N
µN~sNr
N
2γ >, (9)
with the spin operators of nucleon ~sN and lepton ~sl, the
atomic wave function at origin ψ (0) and the fine struc-
ture constant α.
The leading for the proton, Zemach correction is sensi-
tive to low-Q2 region of the electromagnetic form factors.
In this region, it can be parametrized by relatively well-
known electric and magnetic radii [34, 46, 47] up to some
splitting value Q20. For the neutron, the leading terms in
such an expansion rLEZ are given by
rLEZ ≈
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3pi
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In the numerical evaluation, we take the p.d.g. values for
the electric rE and magnetic rM radii [2]:
r2E = −0.1161± 0.0022 fm2, (11)
rM = 0.864± 0.009 fm. (12)
We use form factor parametrizations above. The depen-
dence of the Zemach correction on the splitting param-
eter Q20 provides a consistency check in the evaluation
of this contribution [34]. At low Q20, it has to show a
plateau behavior for form factor fits which are in agree-
ment with electric and magnetic radii since one can use
the low momentum transfer expansion of form factors
or fits themselves. In the following Fig. 2, we present
the dependence of the Zemach correction on the splitting
parameter Q20 for different form factor parametrizations
available in the literature. While the value of magnetic
radius differs between fits less than by 5%, the electric
radius varies significantly. For instance, the fit of Eq.
(43) in Ref. [52] incorporates half the squared electric
1 To avoid double counting, one has to be careful combining TPE
with other corrections.
charge radius and the fit of Eq. (31) in Ref. [52] fa-
vors the squared charge radius that is 3 times larger
than the p.d.g. value. It is not surprising that the fit of
Ref. [49] perfectly passes the consistency criterium since
this fit was constrained by radii values. Evaluating the
GE, GM [48]
GE, GM [49]
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FIG. 2: Zemach correction as a function of the splitting pa-
rameter Q20 into the low and high momentum transfer regions
for different form factor parametrizations. The low-Q2 contri-
bution is saturated mainly by the charge and magnetic radii
terms of Eq. (10) for shown Q20 values. Consistent with elec-
tromagnetic radii form factors represent a plateau behavior at
low Q20. The lowest curve is based on the electric form factor
with 3 times larger squared charge radius, while the upper
curve corresponds to the form factor with half the squared
radius compared to the p.d.g. value
Zemach correction, we exploit form factor parametriza-
tions which produce only small deviations at very low Q20,
i.e., fits of Refs. [48, 49]. Such parametrizations incorpo-
rate consistent values of electric and magnetic radii. We
set Q20 = 0.01 GeV
2, when we can safely neglect contri-
butions from higher moments of form factors expansion,
and average over these fits. As an uncertainty estimate,
we add the difference between two fits and the error due
to the variation of the splitting parameter in the range
0.005 GeV2 . Q20 . 0.02 GeV2 in quadrature.
For other contributions, we obtain the central value av-
eraging over all form factor parametrizations from Refs.
[48–53] and estimate the uncertainty as a difference be-
tween the largest and smallest results. Our contribu-
tions for the neutron state are summarized in Table I.
The resulting radius rZ + rR is larger than the Zemach
term and has an opposite sign. The term rR saturates
mainly at scales of the lepton mass and can be roughly
estimated in the leading logarithmic approximation for
pointlike nucleons, see Refs. [54–56]. It is remarkable
that the piece subtracted from the elastic correction rF22
exceeds all other terms.
The Zemach radius of the neutron rZ is much smaller
than the proton Zemach radius rpZ ∼ 1.06 fm [34] and
has an opposite sign. The origin of this difference is in
3fm en µn
rZ -0.0449 (13) -0.0449 (13)
rR 0.328 (2) 0.0823 (8)
rZ + rR 0.284 (2) 0.0374 (15)
rF22
0.987 (7) 0.260 (6)
rF22
and low-Q I1 0.064 (32) 0.065 (32)
MAID (piN only) -0.012 -0.009
MAID (piN) 0.010 0.013
MAID (piN, KN, ηN) 0.015 0.018
rpol 0.064 (38) 0.065 (39)
rn2γ 0.347 (38) 0.102 (39)
TABLE I: Effective neutron-structure radii contributing to
the hyperfine splitting in electronic and muonic atoms due to
the neutron intermediate state. ”rF22
and low-Q I1” is a sum of
I1 (0)
′ contribution from the low momentum transfer integra-
tion region and form factors contributions to rpol. The radius
labeled ”MAID (piN only)” represents a pure correction from
piN states and does not include the result of the row ”rF22
and low-Q I1”, while ”MAID (piN)” is a sum of two upper
rows. ”MAID (piN, KN, ηN)” represents the contribution of
piN, KN, ηN states together with ”rF22
and low-Q”. Based
on the similar to the proton saturation pattern, the result-
ing polarizability correction is estimated as ”rF22
and low-Q
I1” value. The error from the neutron intermediate state rep-
resents mainly the uncertainty due to the difference in fits
central values and is presumably underestimated.
the overall zero electric charge of the neutron. In con-
trast to the proton, the correction rR differs significantly
between muonic and electronic atoms. The integrand
of this correction has a definite sign in case of the neu-
tron, while changes sign in electronic hydrogen. This sign
change between electron and hadron mass scales results
into similar values of rR for the proton in electronic and
muonic atoms.
For the polarizability correction, we replace the first
moment of the g1 structure function I1
(
Q2
)
:
I1
(
Q2
)
=
∞ˆ
νinelthr
g1
(
νγ , Q
2
)Mdνγ
ν2γ
, (13)
by the Gerasimov-Drell-Hearn (GDH) sum rule [57, 58].
More specifically, we add the term given by the replace-
ment F22
(
Q2
) → 4I1 (Q2) in Eq. (5) [35] and sub-
tract the same term expressed through the spin struc-
ture functions with Eq. (13). The latter is evaluated
from the polarized spin structure functions together with
other g1, g2-dependent pieces of rpol. For the contri-
bution from 4I1
(
Q2
)
+ F22
(
Q2
)
, we use the expansion
I1
(
Q2
) ≈ I1 (0) + I1 (0)′Q2 at the low momentum trans-
fer region and connect it to the data-based integrand at
high Q2.
For the neutron,
I1(0) = −µ
2
n
4
, (14)
and the derivative term I1 (0)
′ ≈ 6 GeV−2 which is es-
timated to be slightly smaller than for the proton [59]
since the data of Ref. [60] and ChPT calculations in
Ref. [61] indicate a slightly positive slope of the proton-
neutron difference in I1
(
Q2
)
. For the evaluation of I1
above Q & 0.2− 0.25 GeV and in other parts of the cal-
culation, we use the MAID parametrization as an input
[62, 63] and sum over the piN, KN and ηN channels. We
add MAID contributions on top of the low-Q2 behavior
of I1 and rF22 ; see Table I for details. We are not able to
evaluate the resulting polarizability radius rpol directly
from the data due to the lack of polarized spin structure
functions for other intermediate states.
To test such evaluation and estimate the polarizabil-
ity correction, we compare the results from the structure
functions measurements [64–66] to the MAID-based eval-
uation of HFS on the proton in Table 2. We notice that
the effect of KN and ηN channels is much smaller than
the leading piN contribution as in case of the neutron.
As it was found in Ref. [33], the effective polarizability
fm ep µp
rZ [34, 39] 1.055 (13) 1.055 (13)
rR [34, 39] -0.1411 (14) -0.1203 (8)
rZ + rR [34, 39] 0.914 (13) 0.935 (13)
rF22
[35] -0.596 (2) -0.158 (1)
rF22
and low-Q I1 -0.049 -0.047
MAID (piN only) 0.027 0.025
MAID (piN) -0.022 -0.022
MAID (piN, KN, ηN) -0.027 -0.027
rpol [34, 39] -0.051 (13) -0.052 (13)
rp2γ from eH 1S HFS [33, 39] 0.861 (6) 0.880 (8)
rp2γ [34, 39] 0.863 (20) 0.883 (19)
TABLE II: Effective proton-structure radii contributing to
the hyperfine splitting in electronic and muonic atoms. The
values in upper four and lower three rows are taken from the
corresponding references. Other rows represent the satura-
tion pattern of the polarizability correction; see Table I for
description.
radii in electronic and muonic hydrogen based on struc-
ture functions of Refs. [64–66] are close to each other.
Likewise the GDH sum rule [67, 68], the saturation
pattern of the contributions from different channels from
the neutron is similar to the proton case with slightly
different decomposition. This allows us to estimate the
central value of the polarizability correction rpol in Table
I roughly as the sum of the rF22 term and the low-Q
2 part
of I1. The polarizability correction for the neutron has
the same order of magnitude as the Zemach term and
an opposite sign. The effective polarizability radius for
4electronic and muonic atoms is of the same size. We add
an error 60% to rpol and summarize the resulting HFS
correction in Table I.
We evaluated the hyperfine splitting correction from
the two-photon exchange on the neutron and presented
results in terms of effective radii which generalize the
Zemach radius. Our full result is larger than the known
Zemach radius of the neutron and has an opposite sign.
In the case of electronic atoms, the total contribution is
an order of magnitude larger than the Zemach term. As
in hydrogen, the Zemach and polarizability radii are sim-
ilar in electronic and muonic atoms, while the radius rR
differs significantly in case of the neutron. The obtained
results will be useful in the evaluation of the structure
corrections to the hyperfine splitting in light atoms and
can be improved in a future with a progress in the un-
derstanding of the neutron form factors, with account
for other intermediate states, especially pipiN , and ex-
tractions of the neutron spin structure functions.
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